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H Abstract 



In this paper we compute the g-variation of the derivative of the self-intersection Brownian 
local time 74 = /„ /„ (5'(i?„ — Bg)dsdu , i > 0, applying techniques from the theory of fractional 
martingales [3]. 



PLi ! 1 Introduction 



Let B = {Bt,t > 0} be a standard one-dimensional Brownian motion. In this paper we are interested 
in the process 7 = {7* , t > 0} formally given by 

7t = -— at(y)|y=o, where at{y) = / 5y{Bu - Bs)dsdu . 

^ "-y Jo Jo 

\^ . It can be rigorously defined as the following limit in L^(f]) 

m ; 

t fU 



'-it = ^vca. I I p^{Bu - Bs)dsdu, (1.1) 

^ ■ ^-^ojo Jo 

O 

where Pe{x) = (27re)~2 exp(— j;^/(2e)). This process has been studied by Rogers and Walsh in [5] 

and by Rosen in [6]. 

Let us recall the definition of the /?- variation of a stochastic processes from [3] . 



Definition 1.1 Let /? > 1 and let X = {Xt^t > 0} 6e a continuous stochastic process. Denote 



n-l 

4:n'W-El^*^..-^*^l^ (1-2) 

i=0 

where f^ = a-\ — {b — a) for i = 0, . . . , n. // the limit of Sg'J{X) exists in probability as n tends to 

infinity, then we say that the f3-variation of X exists on the interval [a,b] and the limit is denoted 

by {X)^\a,b]- l^c say that the ^-variations of X on [a,b] exists in L^ if the limit of Sg'J{X) exists 
in U'(fl), where p > 1. 
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For any a < 6 < c, if the /? variation of X exist on the intervals [a, 6] and [6, c], then it also exists 
on [a, c] and 

(^)/3,[a,c] = (^)/3,[a,fe] + (^)/3,[fe,c]- 

Denote by {-Lf , t > 0, j; E M} a jointly continuous version of the Brownian local time. In the paper 
[5] Rogers and Walsh gave an explicit formula for the exact |-variation of the process 7, using 
Gebelein's inequality for Gaussian random variables to bound the sums of powers of the increments 
of process 7. More precisely, they proved the following theorem. 

Theorem 1.2 The process 7 has a finite -^-variation in Lp' on any interval [0,T] given by 

where K = E\Bi\tE [j^{Llfdzf^ . 

The purpose of the present paper is to provide an alternative and simpler proof of Theorem 1.2 
by using the methodology introduced by Hu, Nualart and Song in [3] to compute the p-variation of 
a fractional martingale. A basic ingredient in our approach is the stochastic integral representation 
of 7t obtained by Hu and Nualart in [2] through the Clark-Ocone formula: 



It 



j npt-riy){Ly^''^-L^^)dy]dBr. (1.3) 



The main idea of the proof is as follows. By an approximation argument, and using the represen- 
tation of the local time as a semimartingale in the space variable (see Perkins [4]), the problem is 

4 

3" 



reduced to the computation of the ^-variation of the process 



Xt = j U pt-r{y)Wydy\ dBr, (1.4) 

where W = {Wy,y € M} is a two-sided Brownian motion independent of B. Taking into account 
that W is Holder continuous of order almost |, the integral f^pt-r{y)Wydy behaves as (t — r)* 
as r t i- In this sense, the variation of the process X is similar to the variation of the fractional 
Brownian motion with Hurst parameter H = ^. Actually, we can compute easily the |-variation 
of the process X applying the approach used for the fractional Brownian motion, based on the 
decomposition by Mandelbrot and Van Ness [1] and the ergodic theorem. Notice, however, that our 
proof shows only the existence of the ^-variation in L^, and we obtain a different expression for the 
constant K in Theorem 1.2. 

The paper is organized as follows. In the next section we derive the 3 -variation of the process 
X given in (1.4) using ergodic theorem. Section 3 is devoted to the proof of Theorem 1.2, where 
the 3 -variation is considered in L^. Finally, the appendix contains some technical lemmas. Along 
the paper we denote by C a generic constant which may be different from line to line. 

2 |-variation of a fractional-type process 

Consider the stochastic process introduced in (1.4). This process can also be expressed as 



^t= I E WQf^:z:f.uUr, 



where ^ is a A^(0, 1) random variable, independent of B, and E denotes the expectation with 
respect to 9. The following theorem is the main result of this section. 

Theorem 2.1 The process X = {Xt,t > 0} defined in (1.4) has a finite -^-variation in L^ given by 

Wi,M=^(^-«)> 
where 

2 
-1 /'OO /"OO 

470 io 
Proof The proof will be done in two steps. To simplify the presentation we assume that [a,b] = 

[o,r]. 

Step 1 Enlarging the probability space if necessary, we assume that B = {Bt,t G M} is a two-sided 
Brownian motion. Then we define 



K = E(\e\3)E 



(x + y) 2{Bi+^ - B^){Bi+y - By)dxdy 



(2.1) 



Yt 



E'Ws^/^ABr 



E'^W. r^dBr. 



This process is well defined because, using the fact that E{WxWy) = -{\x\ + \y\ — \x — y\), we can 



write 



e{y;' 



E 



w 



E'^W, 



e^/(t^ 



E'^W, 



e^Po^ 



dr 



i ^'^^" ([^.^(^ - ^^VP^] Kvi^ - ^VTP^] ' ^^ 



^E{\9\) ^ ( V2[(t - r)+ + (-r)+] - x/(^^7)T - ^PO^) dr 
—= / {V2t + 4r - Vt + r - ^/r) dr 
+ / (y/2{t-r) -^/t-r^dr\ < oo. 



We claim that the difference 

Yt-Xt 






(2.2) 



has g-variation in L^ equal to zero in any time interval [0, T]. In fact, if tj = ^, then from the 
Burkholder-Davis-Gundy inequality and the Jensen inequality, and using the notation (1.2), we 
have 



n-l „o 

ESfl\Y-X) = J2^ {E'We^^ti^r - E'W,^ dB,. 






^ CY.^[l^^{^'^ovu^T=^-E'W,^'dr 



i=0 ^--oo 



j=0 



< CY^i E (e'Wo^^j^^^ - E'W,^ dr 



By the same computations as above we obtain 

n-l 



j=0 







JO 



ESfl\Y-X) < C^( / ( ^2ti+i + 2ti + 4r- ^U+i + r - VU + ^) dr 
^' j=0 

= cE 



*i + l^*i *^ + l~*^ 



2 _3 

(x + y + tj + r) 2 dxdydr 



n-l / U+izll h+lZli N 



For i > 1 we use the estimate (x + j/ + tj) 2 < i^ ^ j,^ ^j^jg ^^y ^g ^^^^ estimate the above sum for 
i > 1 by 



n-l ^ . V _i n-l 

n~3 y^ ( - ) = - > 7: 3 

^-^ \n I n 

i=i ^ ' i=\ 



E'-4 



which clearly converges to zero as n tends to infinity. 

Step 2 ^From Step 1, it follows that to prove Theorem 2.1 it suffices to show 



^y) 



i[0,T] 



KT . 



(2.3) 



It is easy to verify that the process Y has stationary increments and is self-similar of order | . As a 
consequence, the sequence \Yt^^^ — ^tii ^ > 0} has the same law as {(— ) * ft, ? > 0}, where 

r-i+l 



i^ 



E^Wa 



-ABr 



E'W.r^^dB,. 



It suffices to show that - X^^Jg lf«l^ converges in L^ to K. By the ergodic theory, we know that, 

1 " 

hm -y2\C,\l = Z = E{\Ci\l\l), 

n— >oo n ^ — ' 



j=l 



in L^, where I is the invariant cr-field. We claim that the random variable Z is a constant. To 
prove this we will show that both random variables E Z and E Z are constant, where E and 
E^ denote, respectively, the mathematical expectation with respect to the processes W and B. 
Let us first compute E Z. Let Co = ii^|^|3. Then, we can write 



?w 



i^'le.l 



cJe^ 



i+1 



E'W,^^j^^.dBr 



Cn 



00 
•J+1 ri+1 



E'^w.^yj^m 



2\l 



E 



w 



00 J —00 



^'w^.vm^ - E'w^./^r^ 



X E'^W, 



r|^/^+l-s ^ ^rj./ii^'^ 



2 

dB^dBs I , 



where the double integral J J ■ ■ ■ dBj-dBg with respect to i? is a Stratonovich-type integral. Thus, 
E'^U^ = C^(^-f^^ f^\-^{i + l-s) + {i + l-T)-^{i-r)+ + {i-s)+ 



+^{i + l-r) + {i-s)+ + V(i + 1 - s) + (i - r)+j dBrdB, 

2 

(1 ri+l ri+1 n+l~r i-i+l-s ^ \ 3 

-/ / / / {x + yyUydxdBrdBs] . 

4 J^oo J~oo J(i-~r)+ J(i~s)+ / 



-oo J~oo J {i-~r)+ J{i~s)^ 

One can exchange the integration order of x, y and r, s. The domain — oo < r,s,< i + 1 ,{i — r)^ < 
x<i + l — r,{i — s)"*" < y < i + 1 — s can be written asO <x,y <oo, i — x<r<i + l — x,i — y< 
s < i + 1 — y. Thus, we have 

2 
/ 1 POO PCX] \ 3 

E'^\C^\-^ = Coi-I I {x + yr-2{Bi+i^.,-Bi^.,){B,+i^y-B,^y)dydxj 

2 

(1 f'CO f'OO -| f'OO \ 3 

47 y f(^y e-(^+^)^z2dz(A+i_,-i?,_,)(i?,+i_j,-i3i_J(iyc?x 



2 
1 /"OO / /"OO \ "^ 1 ^ '' 



For any fixed x and y in M, the correlation between the Gaussian random variables Bi-^ — B-x and 
Bi+i-y — Bi-y is zero when i is sufficiently large. This implies that the sequence 

2 



poo / ^oo \ ^ 

/ f / {Bi+i^^- Bi^x)e-^''dxj Z2dz 



is stationary and ergodic. As a consequence, - X^^Lq -^ I'?«I ^ converges to the constant K given in 
(2.1). 

Finally, we show that E^ Z is constant. We can write 

2 
2 \ 3 



For any fixed r and s in M, the covariance between the random variables r/o(s) and rji{r), where 

is given by 

i?^(r/o(5)r/.(r)) = \e{\9\)(^ -^{i + l- r)+ + (1 - s)+ + V{i + 1- r)+ + (-s) + 
+ VCi-r)+ + (l-s)+- ^(i-r)+ + (-s)+), 
and it converges to zero as i tends to infinity. Again, this implies that the sequence 

^'^V^^TTW - E'^eViT^y dr 

is stationary and ergodic, and as a consequence, - Y17=o E \S,i\3 converges to a constant. ■ 



3 Proof of Theorem 1.2 



In this section we proceed to the proof of Theorem 1.2, where the ^-variation is in L^(il), and the 
constant K has the alternative expression given by (2.1). 

Fix a partition Sk = jf, k = 0, . . . , N. For any point t we denote by t{N) the maximum point 
of the partition on the left of t, namely, t{N) = t^ ii Sk < t < Sk+i- We approximate the process 7t 
defined in (1.3) by a sequence of processes obtained by freezing the time coordinate of L^~^ "■ — L^ "■ 
at the point r = r{N), that is, 



.N 



It 



[ j^pt-r{y) (^^Jvt - l^(n)) dydBr. 



The proof will be divided into several steps. 
Step 1 We claim that 

N-l 



,kT (fc+l)Ti 



lim limsupV ^^4^' ^ V7-7^)=0. 

fc=0 



(3.1) 



Consider a uniform partition of the interval [kT/N, (k + 1)T/N] denoted by rg < ri < ■ ■ ■ < r„, 
where rj = ^ + ^, j = 0,1, ... ,n. Then, 



n-l 





<^:=5l-' '^ '(7-7^'^') = y^|A,(7-7^)l 

'' ;i=0 


4 
3 , 




(3.2) 


Where A,{j - 7^) = (7 - 7^)r,+, - (7 " 7^)r, ■ Let /,^(y) = L^^^ - Lf ^ - L^^j^; + L^[^y 


Then, 


h-l%= [ 1 Pt^r{y)f? dydBr. 
Jo Jm. 




As a consequence, 




n-l 

Sn,N = 2^ 
j=0 


r^' f Pr,^,-r{y) fr"" dydBr- P f Pr^-r{y) f^ dydBr 

JO JR Jo JR 


4 
3 




n-l 

= L 


/ Pr j+i~r{y)f^ dydBr + I [pr^^^^r{y) - Pr,-i 

Jrj Jr Jo Jr 


.(y)]/,^dydi3. 


4 
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n-l 



+ 1 



Prj+i-r{y)fr^ dydBr 
j=0 ' 

n-l 

c^(|r^^|l + |$^^|t), 

j=0 



+ 



[P0+i-r(2/) -Prj-r(y)]/r dydBr 



(3.3) 



where 



r,' = J^^'^' J^Pr,^,My){Lr''^-L?^-Ll^j^; + Lf{^^) dydBr 

= / E{Lr ^ —Br' — L^^^^ + L^^^.^\Tr)dBr, 

J Ti 



and 



'0 

Therefore, 



E{Lr — Lr — L^,^. + L^,j^AFr)dBr. 



n—l n—1 

, 4 , 



\j=0 j=0 

Using the Burkholder inequahty we obtain 

E{\r^\l) < CE U'"' E{L>^ - Lf^ - Lf(^^- + L'^(M)\^r?dr\ ' , 
and 

2 

E{\^]\^ < CE {^fj E{C^-^ - C^ - L^^^y + <^^)| -F.)^dr) ' . 
Let us first prove that 

N~ln~l 

lim hmsupV yE(|rf|3) =0. (3.4) 

fc=0 j=0 

We shall use the notation L^^ = L^ — L^. Then, we can write 



£^(|r,'l^)<c(^i^/J"(<;]vt.]-^a^),.])^d-j • (3.5) 

Consider the Brownian motion Bf — B^ where the parameter u goes backward from t to 0. Then, 
Tanaka's formula applied to this Brownian motion says that for any s < t 



{Bt - Bs- x)+ - {-x)+ = - l{Bt^Bu>x}dBu + - 5,,{Bt - Bu)du, 
where d denotes the backward Ito integral. Making the change of variable x = Bt — B-t, t > t yields 
{Br - Bs)+ - [Br - Bt)+ = - j l{B.^^B^}dBu + 11 ^B. iBu)du . (3.6) 

Therefore, letting s = r{N), t = r and r = rj+i in the above equality yields 



r ~ 1 1 

(.Br,+i - -B,.(Ar))+ - {Br^+i - Br)+ = - 1|s^<b }dS„ + -L, 

Jr(N) ^+ ^ ^ 



/r(7V) 

On the other hand, letting s = r{N) and t = t = r gives us 



r{N),r] 






'r{N) 

7 



This implies that 

_ 13-r 



lr{N),r] ^[r{N),7-] 



< 2 |(i?rj^i - Bj.(N))+ - {Br - Br{N))+\ + 2(-Brj+i " B, 



r) + 



+2 



lr{N) 



1{B„<B.^._^J - 1{B„<B,} ) dBu 



r(Af) 



^{Bu<Br^^^} - '^{Bu<Br}) dBu 



Therefore, 



P / r ■^'■j+i _ rBr ^ 

^ ' ^[r{N),r] ^lr{N),r]^ 



<32(r,+i-r) + 8 T E (i^b^^b.x - 1{b^<b.}Y du. (3.7) 



Notice that 



Using the density of two-dimensional Gaussian random variables one can see that the probability 



P{Br < Bu < -B^ _|_i) is bounded by a constant times 



\/^j+i-^ 



which implies 



E 



r{N) 



^{B^<Br^ + J - ^{B^<Br}) du < C^rj+i - TjN 



(3. 



From (3.5), (3.7) and (3.8) we obtain 

E{\T';\I) < c((r,+i-r,)2 + (r,+i-r,)iiV-^)' 



-2 AT— 2 






2\ 3 



which implies (3.4). 

To complete the proof of (3.1), we need to show that 

Af-ln-l 

lim limsup VVs(|$^|t) = 0. 

fc=0 j=0 



(3.9) 



We continue to use the same notation as above. It is easy to obtain by using the Burkholder 
inequality 



E{\<^';\-i)<[E {E{L 



' B, 



j + i 



L'r.JTrYdr] . 



'[T(N),r] ^[r(N),r] 

In order to deal with the above term, we use the backward Tanaka formula (3.6) again by taking 
r = Tj+i and rj. Subtracting the two obtained equations, we obtain 



^[r(N),r] ~ ^[r(N),r] = ^i(^) + ^J^"^) 



(3.10) 



where 



and 



Cjir) = 2 ((-Br-j+i - -Br(Ar))+ " (-Br,+i - Br)+ - (B,.^. - -B,,(jv))+ + {Br^ - -Br)+) 



r{N) 



Dj{r) = 2 / ( 1{B„<B, } - 1{B„<B..} 



dR, 



Notice that 



-E'[(-Brj+i - -Br(Af))+ - {Brj - Br[N)) + \^r] 

= E^[{^r.j+i-ri + B, - fi,(;v))+ " Wr^-r^ + S, - S,(;v))+], 
where ^ is A^(0, 1). Hence, 

\E[{Br^^, - B,^N))+ - {Br^ - B,^^))+\Tr]\ < C( ^^,+1 - r - y^7^7). 
Therefore, we obtain 



E{Cj{r)\Trrdr < C {^r^+i - r - .J^F~^^Ydr 
Jo 

< C {rj+i - rj)i{rj - r)~idr < C{nN)~i. 
Jo 



As a consequence. 



N-l n-1 , r, X I 

hm hmsup 'yy^lE E{Cj[r)\Frfdr = 0. 

A^^oo „^oo ^^^^\ Jo J 



For the second term in the decomposition (3.10) we can write 



(3.11) 



E / E{Dj{r)\FrYdr 
Jo 

i I" I' E 

Jo Jr{N) 

^Prom Lemma 4.1 it fohows that 



^ [^{Br,<Bn<Br.^^} - l{B,,>B„>B,.+jl-^r 



dudr. 



(3.12) 



E 



E y-{Br^<B^<Br.^^} - '^{Br^>B^>Br^^^}\^r 
1 



< C{r - uy-i I 2\l 2(r, " + ^ - ^J2{r^ - r) - J2{rj - r) + ^ 



Substituting this expression into (3.12) yields 



E / ' E{Dj{r)\Frfdr 
Jo 

< C / (r-n)-2 

Jq Jr{N) 



^ ( 2\/2(^.- - ^) + ;^ - \/2(^. - - y2(r,-r)+2-^) dndr 



- ^"^"^r V'^'^"'^^^"^^^^^"r^'^"'^+'^r' 



3 , , 3 



■'-'-'4+xv 1 v-2r^'^' 



y V V^ ^nj NnJ yNn 



< CiV-2^-i sup (2(2(71/0 + j) + 1)1 -2- {2{nk + j))^ - {2{nk + j) + 2)^ + (2) 



2 
. 3 



= CiV^^n-i sup (2(2j + l)i - 2 - (2j)i - (2j + 2)5 + (2)?^ ' 
Therefore, 

Af-ln-l f j-r \ - 

T.T.{^ I EiD,{r)\Trfdry < CN-^ 

k=oj=o^ -^0 y 

which implies 



lim limsup V V Lb / ^(i:>j(r)| j;)2dr =0. (3.13) 



fe=0 j=o 

Then, (3.11) and (3.13) imply (3.9), which completes the proof of (3.1). 
Step 2 Define 



N ^,N,l\ n 

^ -T /|,fO,Tl =0- 



We claim that, for each fixed N, 

' ,[0,T] 

4 
It suffices to show that for each k = 0, . . . ,N — 1, the — variation of 7^ — 7^'^ over the interval 

[kT/N, {k + l)T/N) is zero. When t G [kT/N, {k + l)T/N),t{N) = kT/N, and 

k_'~n 

(7^ - 7^'')(t) = / / Pt-rivm-l^^^ - L^[j,))dydBr. 

JO JM. 
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With the same notation as in Step 1, set 

n-l 



Sn,N := S[-I'^^\j^ - 7^'^) = E l^-(7^ - 7^'^)li 



where 



) 

{Pr,+^~r{Br - Bg) - Pr.-r{Br - Bs)dsdBr. 



¥ riN) 



/O ^0 

Applying the Burkholder inequahty yields 



E|A,(7^-7 

i-r{N) 

/o v^o 



I f'l ( riN) Y ^^ 

<CE{ / {pr,+,-r{Br " S.) " Pr,-r(Sr " B,))ds dr 



if / r(N) ^2 \ 3 



< C I ^ £; / {pr^^,^r{Br " 5.) " Pr,-r(5r " Bs))ds dr 

Then, for any u < s < r{N) < r < t{N) < Vj < r^+i we can write, using Lemma 4.2 

E ((pr,+i-r(-Br - Bg) - Pr^-r{Br - Bs)){prj+^^r{Br - -B«) - Prj~r{Br - S«))) 

= ((rj+1 - s){rj+i -r + s-u) + (r^+i - r)(r - s))~2 

- ((rj+i - s)(rj - r + s - n) + (r^+i - r)(r - s))~2 

- ((rj - s)(rj+i - r + s - n) + (rj - r)(r - s))~^ 

+ ((rj — s)(rj — r + s — u) + (rj — r){r — s))~2 

1 p+i _3 

= "2 / ((^i+i - «)(^ - r + s - u) + (rj+i - r)(r - s)) ^ (r^.^^ - s)d0 

1 /■'■^ + l _3 

H — / {{rj - s){6 - r + s - u) + {rj - r){r - s)) -^ {vj - s)d9. 

2 Jrj 



11 



Integrating in the variable u yields 



Jo 



''^' ((r,+i -s){e-r + s-u) + (r,-+i - r){r - s))"^ |^=gde 
• j 

+ / ((rj-s)((9-r + s-n) + (rj -r)(r-s)) ^ {"^ZodO 

Jrj 

1 /"^j + l /■'•j + 1 / _3 

= --/ / I {{7] - s){9 - r + s) + [r] - r){r - s)) -^ 9 

Jrj Jrj y 

\ 

- {{t] - s){9 - r) + {r] - r){r - s)) "^ {9 - s) \ dr]d9 
<C / {{r-s){9-r) + {7]-r){r-s))-^dr]d9 

Jrj Jrj 

3 / fj+l _3 \ 

<C{r — s) 2 / (rj — r)*dri\ 

3 / 1 1 \ ^ 

< C{r — s)~2 I (r^+i — r)i — [rj — r)^\ 

< C{r - r{N))-^r{N) - s)-i(rj+i - rj-)^"^"(^i - r)-i(^-"), 

for any a E (0, 1). Choosing a = -g and integrating in the variables < s < r(A^) < r < t{N), we 
obtain 

^1 / I / (pr-,+i-r(-Br--Bs) -Prj-r(-Br -Ss))(is ) dr \ < CN{rj+l - rj) 12. 



As a consequence, 

E{Sn,N)<CNn-T-2, 

which converges to zero as n tends to infinity. 

Step 3 

Let us compute the g variation of the process 7"'^ in the interval I^^n '■= -jf, jv 



Set 



tn = ^ = t{N)- By the results of [4], there exists a two-sided Brownian motion {VFa;,x G M} 

p 

independent of {Br, r > rj\[, Lr^^ } such that for any re > y, x, y E M, 



p X rx 

L-^ -LI, = 2 Jl4,dW, + / a{z)dz. 



Using the fact that the random variables {Br,r > rfyf,Lr^^} are independent of W we can write 

for any r > tj\[, 

j-Br+y . j-Br+y 

L^;+y - Lf; = 2 / jL^r^dW, + / (^iz)dz. 

12 



We decompose the process 7 '^ as follows: 

.,N,l 7V,2 , N,3 I ^,NA 



7 



where 



7 



N,3 



,N,2 



7 ' +7 ' +7 
E*^ / a{z)dz dBr 



E' 

TJV \ J Br 



Br+e-/r^ 



L'r^ 



L^^ ) dW, 1 dBr, 



and 



,7V,4 



7 



Lf;'^ / ^^ (VF(5^ + eVt^) - W{Br)) dBr, 

J TN 



where here 9 denotes a random variable with law A^(0, 1), independent of B and W . We claim that 
for any k, 

<7^'')^/ =0, 



and 



(^")u. 



0, 



Proof of (3.14)'- With the same notation as in Step 1, set 



n-l 



5„,A.:=S1'=-(7^'2) = 5;|A,(7 



N,2\ 



where Aj(7^'^) = Jr^'+i - 7r/ • Then 



n-l 



J2^\^j(^ 



Ar,2^ 



j=0 



n-l 



^j+i 



E'' 

TJV \ J Br 



Br + y/r-j + i- 



a{y)dy dBr 



J TJV \ ^ Br 



Br + ^T-j-T-e 



n-l 
j=0 



a{y)dy 1 dS, 

Br+-y/rj+i--r6» 



E"{ I a{y)dy dBr 

TN \JBr+^rj-re J 



+ / E' 



Br + ^Tj+i-rB 



a{y)dy dBr 



i3r 



n-l 

i=o 



Br+yjr-j+i-rd 



E \E" 

TJV \ J Br + y/rj-rO 



a{y)dy dr 



+ 

-^n + -CSfj. 



i^ U' / aiy)dy dr 



(3.14) 
(3.15) 
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From [4], we have the fohowing expression for the process a{y), 



o^{y) = ^{y>BJ 



2/{y<o} + 2/{j,<B4 + /|y<:B^}L(s,y) 



41. 



{y>Bs} L{s,y) + 2y- 



Hs,y)+2y s-A{s,y) 



with 



Bs = sup{Bu,u < s},B_g = inf {Bu : u < s}. 



Let 7(y) = -I{y>B^}I{y<Bs}^is^ v) ^l^A(tJ!f) ' ^"^ ^"^•^ "(y) = /^(y) +7(y)- Then /3(y) is bounded, 
and from the result of section 3 (page 277 and 278) in [5], we can get that E f^ \7{y)\^dy < oo for 
ah p > 1. As a consequence, by Lemma 4.3 we obtain 



n-l 



hm > 

n — ^no ^ — ^ 



j=o 



E\E^ I P{y)dy dr 



TM \ J Br+y/r-j-rd 

n-l 



< C hm y 



j=0 



J 2 



TN 



0. 



To handle the term containing 7(2/), we choose p, q such that - + - = 1 and p < i. Then, again by 
Lemma 4.3 



n-l 



lim > 

■n. — vnn ' ^ 



j=0 



Br + ^. 



E\E'' I j{y)dy dr 

TN \ J Br + ^Tj-rO J 

n-l 



< 



lim y 



j=0 



Ei\e\-p){y/rj+i-r- .J^^-^yvE 



TN 



hivWdy 



dr 



n-l 



j=0 



< C hm y / {^/rj^l — r — Jr^ — r)pdr 



0. 



Hence we have A^ goes to zero as n goes to infinity. The convergence to zero of Bn as n tends to 
infinity follows from 



n-l 



lim y 



j=0 



ElE^ I P{y)dy dr 



l3r 



n-l 

< C lim V 

n— >oo ^—^ 
j=0 



r-j+i 



{rj+i - r) dr 



C hm y 



n — 1 y s 4 



n— >oo '—^' \ n 
j=0 
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and, choosing p, q such that ^ + - = 1 and p < 2, 



Hm > 






< lini > 

n— ^-oo ^— ' 
j=0 



r-j+i 



ii;(|e|p)(v/^^^;7^7)p£; 



hivWdy 



dr 



n-l 

< C7 hm y 

j=0 



r-j+i 



_i/ix(i+i)| 



(rj+i — r)pdr 
Proof of (3.15): With the same notation as in Step 1, set 



C hm V - =0. 

n— >-oo ^ — ' \ n / 



n-l 






Af,3\ 



where Aj(7 ' ) = 7rjVi ~ l^j ■ ^^ i'^ ^^^ proof of (3.14), applying the Burkholder inequahty we 
obtain 



n-l 






where 



and 






2/3 



L^^-V^r^M^^. I dr 



n-l 



d^ = eY, 



r-j + i / rBr+e^Tj + i-r 



2/3 



E" 



j=i V'^ 



B, 



L 



TN V ^^ 



lII'; 1 dW,, I dr 



By the Holder continuity in space variable of the local time, there exists a random variable G with 
moments of all orders such that 



|L^^-Lf;|<G|z-B,|2-, 
for all z G M and r G [0,T]. Therefore, the term Z?„ can be estimated as follows 



n-l 






\ 2/3 



EEUG \z-Br\^^'dz\dr\ <Cn^e- 



The estimation of the term C„, is more delicate. First we write 

r-Br+e^r^ + i-r 



E" 



Br+e^ 



L^r^-^JL?;;]dW., 



<^{z)dW, 
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where 

As a consequence, 

e( [ ^z)dW^ <eIg^ [ {pr^_^,.r{y)-Pr,-riy)){pr,^,-riy')-Pr,~riy')) 



/ \z - Br\2 ^dzdydy' 

J[Br,Br+y]n[Br,Br+y'] J 



Vjk / 

/ 3 E 3 £ \ 2 / /■'^■j + l 5 e \ 

< C7((rj+i-r)8-4 -(rj -r)8-4) =C[ {e-r)~8~4de] 



< C ( ['^\e - rj)-^+U9 (rj - r)-l-^ 



3 I , , , 3_3e 



< C(rj+i-rj)2+^(rj-r) 
and we obtain 

This proves (3.15). 

Step 4 

Let us compute the |-variation of the process 7^'^. By Theorem 2.1, the | variation in L^ of 
the process 

Zt= I E\WB^^sVt=-r - WBr)dBr, 
Jo 

in an interval [a, b] is K{b — a). In fact, this process has the same distribution as 



Xt= [ E\Ws^^)dBr. 

Jo 



This follows from the fact that the processes 

{{Bt, WB,.+y - WB^),t > 0, r > 0, y G M} 

and 

{{Bt,Wy),t>0,r>0,yeR} 

have the same law, as it can be easily seen by computing the characteristic function of the finite 
dimensional distributions of both processes. Therefore, 

N-l rp 

k=0 
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By Step 2 and Step 3, we have that (7)4 ,Qrp, = (7 '74 tq^,!. Then the proof of Theorem 1.2 
follows immediately from Step 1 and the fact that 



ji^J^''^Um = ^ 



Jo 



2 
^ dr. 



4 Appendix 



Lemma 4.1 Let 0<a<b<c<d, and set x = b — a, y = c — b and z = d — c. Then, 

l2 



E [E {l{Bc<Ba<Ba} - '^{Bc>Ba>Ba}\^b}] 

< Cx"5 (2y/2y + z - y/2^ - ^J2y + 2: 



Proof Set 

Ba-Bb = V^X, B,-Bb = ,/yY, Bd-B, = ^Z, 

where X, Y and Z are independent A^(0, 1) random variables. With this notation we can write 

E [E {l{Bc<Ba<Ba} - l{Bc>Ba>Bd}l-^fc)] 



E 



P{^Y < ^X <^zZ + ^Y\X) - P{^Y > ^X >^Z + ^Y\X) 



<p{v)dv 1 1' ^ ^iOd^ I de, 

■n 



where (t){x) is the density of the law A^(0, 1). Set 

g{x,y,z,0) = / (p{r])dr] 

JR 
Then, 

1 f^ 



HOd^- 



g{x,y,z,e) = ± f ^ f 4>{r,)c^i[^e - ^ 
y/y Jo Jr \ y Vy 



r])r]dr}dw 



1 1 

1 f^ w^B 



exp(--(??^ + ( 



27r./n („^,„2\\^^^ \ 2{y^vfi" 



'0 {y + w'^)2 

1 r Vx0 



xO^ 



y Vy 



dw 



■q) ) I rjdrjdw 



xf" 



d^. 
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Finally, integrating with respect to 6 yields 



g{x,y,z,e)' 



--Cx 



--Cx 



--Cx 



1 / x6 



3 3" exp 

3 3" / 6'^exp 

Jo (y + 6)2(y + 6)2 -^K 



+ 



2 Vy + 6 y + 6 

a2 



diidt 



^ + -^ + 1 ) ) dediidi2 



2 Vy + 6 y + 6 



"^ +^ + 1) ^6^6 



--Cx I I [x{2y + 6 + 6) + {y + 6)(?/ + 6)]^^ dCidC2 
Jo Jo 



<Cx-^2 r !\2y + ii + i2)-'Uiidi2 
Jo Jo 

2V2y + z - v^ - V2y + 2z 



=Cx 2 



which completes the proof of the lemma. ■ 

Lemma 4.2 Let a, /5 > and let X, Y he independent random variables with laws N{0,al) and 
N{0,a2), respectively. Then 

E [po,{X)pp{X + Y)] = {{a + a?)(/3 + al) + aa?)^^ . 

Lemma 4.3 Suppose a < b and n € N. Let rj = a-\- ^{b — a),j = 0, 1, . . . , n. Then, for any /5 > |, 
we have 

lim V / {^rj+i-r- ^rj -rfdr 
i=i •''' 



0. 



Proof It suffices to use the estimate 

i-4--2- --2- 

■ 
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